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IWTRODUCTION. Let J denote a compact interval . ,  say [ 0,1], 
E -- an Eucl-idean n-space, M - -  t h e  space of L e b e s p e  nea- 
su rab le  furrc'iions of I i n t o  E. For any u, v E 14 t h e  
e q u a l i t y  u = v w i l l  nean u ( t )  = v ( t )  a h o s t  everj-xhere 
( a . e . )  i n  J. The t o p l o g y  i n  M ii-i.11 be t h a t  given by  
t h e  convfrgencs i n  measure. 

range of integra1.s of a subset  
The p u r p s e  of  t h i s  paper i s  t o  s tudy i n  d e t a i l  t h e  

K C M vhich s a t i s f i e s  t h e  
fol lowing t h r e e  condl" 1 Lions I . .  

(i) K i s  closed i n  M with r e s p x t  t o  convergence 
. .  

i n  measure 
(ii) I I J u ( ~ ) d ~ l  5 m f o r  each u E K 

0 5 t < t l  and v ( t )  i f  tl 5 t S 1, then  T.: E K .  

such a c l a s s  
l e t  us consider  t h e  s y s t e n  o f  the . form 

(iii) If u,v E K, 0 < ti < I., and v ( t )  = u ( t )  i f  

The 1notlvati.on t o  s tudy  t h e  r anse  o f  i n t e g r a l s  o f  
K c o m s  f r o n  l i n e e r  c o n t r o l  t.heorjr. i I Indeed 

k ( t )  = A ( t ) x ( i )  . -  + I ' ( t , u ( t ) ) ,  (SI 

where t h e  func t ion  f s a t i s f i e s  t h e  w e l l  know C ~ z t h ? o i i o r y -  
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conditi ,ons.  Take a s  admissible  c o n t r o l  func t ions  t h e  c l a s s  
of Lebesgue measurable u: I + U ,  where U i s  a compact 
subset  of an m-dimensional mace .  Any s o l u t i o n  of (S)  can 

be represented i n  t h e  form x ( t )  = X ( t ) (  x0+/,v( T)dT),where 
X ( t )  i s  t h e  fundamental matr ix  s o l u t i o n  of t n e  corresponding 
homogeneous system, xo i s  t h e  i n i t i a l  va lue  for  , t  = 0 and 
v ( t )  = X - l ( t ) f ( t , u (  t ))  . It i s  easy t o  v e r i f y  t h a t  t h e  c l a s s  

t 
..- 

L = (v :v ( t )  = X- ' ( t ) f ( t , u ( t ) ) , u  -- admissible)  

s a t i s f i e s  condi t ions  (i),  (ii), and (iii). A b a s i c  r e s u l t  
for t h e  ex is tence  of  a t ime-optimal s o l u t i o n  f o r  (S)  i s  t h a t  
t h e  so-cal led a t t a i n a b l e  s e t  

n ( t )  = (X:X(t)(Xo+ / v(T)dT), v E L) 
t 

i s  convex, compact and continuous i n  t. U p  t o  a l i n e a r  
t ransformat ion  and a t r a n s l a t i o n  t h i s  s e t  i s  seen t o  be  t h e  
range o f  i n t e g r a l s  over  L. Th i s  r e s u l t  mong o t h e r s  w i l l  
b e  proved here  bu t  probably more i n t e r e s t i n g  i s  an extension 
of LaSalle' s "bang-bang" princip1.e;: 
"bang-bang" p r i n c i p l e  a s  s t a t e d  by--LaSal le  (2 )  says t h a t  i n  
gene ra l  one can r e s t r i c t  t h e  range U of a d z i s s i b l e  c o n t r o l s  
t o  a subset  Uo without r e s t r i c t i n g  t h e  a t t a i n a b l e  s e t .  I n  
LaSal1 .e '~  case f was l i n e a r  i n  u, u tras a compact cube 
and he proved Uo t o  be t h e  set; of v e r t i c e s  o f  U. La te r  
t h i s  resu1.t has been extended by  s e v e r a l  authors ,  c f .  for 
example ( I), (3) , ( 4 ) .  
c i p l e  i s  Thebyern 'i: and s t a t e s  t h a t  t h e r e  i s  a sma l l e s t  sub- 
c l a s s  & o f  K s a t i s f y i n g  (iii) b u t  no t  n e c e s s a r i l y  ( i )  . .  

such t h a t  t h e  range o f  i n t e g r a l s  over i s  t h e  same a s  
over  K. I n  LaSalle's case t h e  r e s t r i c t e d  cI.ass of "bang- 
bang" c o n t r o l s  s a t i s f i e s  (i),  too.  

published by t h e  au thor  i n  ( 5 ) .  I n  ( 5 )  t h e  c l a s s  K was 
given by ( v  E ?+I: v ( t )  E G(t'j-) \:here- G is a measurable 
map [ c f .  (5)) of T 
I n  t h e  s i t u z t i o n  concerning systein (S )  d i scussed  above t h e  
set-valued map i s  given by 

There i s  a c l o s e  connect.lon betxeen o w  r e s u l t s  and 
t h e  Liapunov theorem on t h e  range of  non-atorcic vec to r  va l -  
ued measures. For d e t z i l s  \.re r e f e r  t h e  r eade r  t o  ( 5 ) .  

The fol.lo1:iing no ta t ions  vi11 be .used. By Tx,y , x, 
y E E, %:e denote  t h e  s c a l a r  product of and y, by 1x1 
t h e  Euclj.dec?n norm of x E E. Thus I uI and (u,v) if u, 
v E PI w i l l  stand f o r  the  func t ion  t a k i n g  t + 1 u ( t ) l  and 

0 

Roughly speaking t h e  

O u r  ex t t i i s ion  'of t h e  "bang-bang" p r in -  

The r e s u l t s  presented here  gene ra l i ze  those  r e c e n t l y  

i n t o  t h e  space of compact subse t s  o f  E. 

(X- l ( t ) f ( t , u ) :u  E U). 
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and t -+ ( u ( t ) , v ( t ) ) ,  r e spec t ive ly .  Bg I and It we de- 
n o t e  t h e  i n t e g r a l  ope ra to r  IJ and $, r e spec t ive ly .  Thus 
I ( u )  = jJu(T)dT and I ( K )  = [ I ( u ) : u  E K) . 

. LEXICOGRAPZICAL ORDER I N  E AND I N  M. Let x,y E: E and 
. l e t  ( x i ) ,  (y i}  denote  the  coord ina tes  of x and y r e s -  

p e c t i v e l y  with r e s p e c t  t o  a f ixed  coord ina te  system i n  E. 
We w i l l  w r i t e  

I 

for i = l,,; . . ,k and i f  k < n 
( 1) 

y i  x 5 y i f f  xi= 

t h e n  xk+l < 'k+l* 

I n  p a r t i c u l a r ,  k may b e  equal  0. 

t h a t  it i s  a l i n e a r  order .  

"<" i n s t ead  of ''5". 
subse t s  o f  E 
Thus we ha.ve 

The r e l a t i o n  (1) i s  t h e  
* so-cal led lex icographica l  o rde r  i n  E and it i s  easy  t o  see  

I f  n = 1, t h e n  (1) i s  t h e  na t -  
\ u r a l  o rde r  f o r  r e a l s .  I f ,  i n  (l), k < n then  we w i l l  use  

Since t h e  o r d e r  i s  l i n e a r ,  any f i n i t e  
admits a unique maximum wi th  . r e spec t  t o  (1). 

i i 1ex.max (x = x j  i f f  x 5 xj for  i=l, .... s (2) 
155.5s 

If, u,v E M then  we w i l l  w r i t e  

( 3 )  u 5 v i f f  u ( t )  5 v ( t )  a .e .  i n  J 

and r e f e r  t o  (3) a s  t h e  l ex icograph ica l  o rde r  i n  
o rde r  "I" i n  M i s  no longer l i n e a r  b u t  i s  a l a t t i c e ,  s ince  
for  any f i n i t e  s e t  [ui) ,  1 5 i 5 s of M t h e  lex.  sup 
e x i s t s  and we have 

M. The 

v = l e x  sup [ u i )  i f f  v ( t )  = 1ex.max [ u i ( t ) }  . (11) 

We note  t h e  fol lowing obvious p ropos i t i ons .  

E i S s  l5iSs 

P r o p s i t i o n  1. I f  u,v E M a r e  i n t e g r a b l e  -and u 5 v then  

Propos i t ion  2. I f  u S v and I ( u )  = I (v)  t h e n  u = v. 
P r o - p s i t i o n  3.  I f  u,v E M 

and i f  
i = 1,. , .,k, t h e r e  u i ( t ) ,  V i (  t )  a r e  coord ina te s  oI" u ( t )  
and v( t) re spec t ive ly .  

pends on t h e  coord ina te  system i n  E. 

m--zTvJT- 

I(U) = p =Tpi), I(V) 

a r e  i n t eg rab le ,  w = lex.sup(u,v}, 
= = ( q i ) ,  I(>:) = r = ( r - )  1 ,  i=l, .... n, 

r i= q i =  p i  f o r  i = 1,. . . ,k  5 n, t h e n  u i =  vi f o r  

Notice t h a t  t h e  l ex icograph ica l  o rde r  i n  E or bI de- 
Thus i f  (=(x , . . , , xn), 
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x i E E, i s  a basis  i n  
1.exicographical order corresponding kL. bo 5 .  I n  t h e  seque l  

E then by " S  " we o i i l l  denote  t h e  

we  r e s t r i c t  ou r se lves  t o  t h e  orthonormal bzses  i n  E. Thus 
w e  w i l l  b e  i n t e r e s t e d  i n  t h e  s e t  

1 n i j  E = ((:( = ( x  ,..., x ),(x ,x ) = 6 .  ., i,j=l, ..., n); 
13 

where tjij= 1 i f  i = j  and 0 other7,cise. 
Let A C E  be compact, then t o  esch 5 E E t h e r e  i s  

a unique p i n t  denoted by  e(A,() of A, ? d ~ i c h  i s  t h e  lex-  
icographica l  maximum of  A 1 5 t h  r e s p e c t  t o  " S ~ " ,  and i s  
determined by t h e  conditions:  e(A,t) E A and x S.e(A,() 
for each x E A. 
i n  a s l i g h t l y  d i f f e r e n t  f o r a  b u t  for comsleteness we i n -  
c lude here  a d e t a i l e d  proof. 

Proposi t ion 4. Let A C E b e  conpact, then t h e  se t  

5 The next p r o _ p s i t i o n  can b e  founa i n  (7) - 

B = fl (x: x S e ( A , ( ) )  ( 5 )  5 &E 

D = (e(A,S): 5 E Z] 

i s  t h e  convex h u l l  of A. Koreover, t h e  s e t  

' ( 6 )  
- i s  t h e  p rof i le  of 5 of B; t h a t  is, t h e  s e t  of ex t r eze  

p o i n t s  of B. 
Proof. Let C C E be convex and l e t  p,d C. Then t h e r e  i s  a 
5 € 2  such t h a t  - 

x <5 p for each x E C. ( 7 )  

If n = 1 then  (7) i s  obvious. For n a r b i t r e r y  theri i s  
an a E E, I a1 = 1 such t h a t  (? , e )  2 (x,.) fo r  each x E C. 
If (pia) > (.,a) x E C, t h e n  (7) ho lds  f o r  any 
5 = ( x  ,..., xn) E 2 if XI= a. If ( p , ~ )  = ( x , 2 )  fo r  sox3 
x E C then  t h e  s e t  C1 = C n (x:(x, a)=(_c,a)> i s  non-errsty, 
convex and of dimension n - 1  at t h e  c o s t ,  and p does no t  
belong t o  C1 b u t  does belong t o  t h e  hy>?rplane c o 9 t z 5 n k g  
C1. 
s ion .  Therefore an easy induct ion argpyen", c o r q l e t e s  t h e  
proof of (7).  Let C be now t h e  convex hull of D given 
by (6). It fo1lo:is'fron (7) t h a t  i f  p ,d C t h c n  y! 3 
given by ( 5 ) .  Hence B C C. But B i s  convsx arc? DC4.C B. 
Therefore  C 2 s  t h e  convex h u l l  o f  D i s  contzin?? i n  B. 
Hence C = B and B given by  ( 3 )  i s  t h e  convex h u l l  of  E 
and s ince  D C A C B, B i s  t h e  convtx k u l l  of  A as .,.-ell. 
I n  p a r t i c i l l e r  B i s  corrL?sct. To end t h e  _croof, l e t  us 

f o r  each 
.-i 

Thus ire have t h e  s a e  s i t u a t i o n  but i n  a s m l l e r  di-sn- 

. -  

. .  



r e c a l l  t h a t  a po in t  b E B i s  an extreme po in t  o f  B i f  
an6 onl'j. if B\(b} i s  convex. Let b = e ( A , E ) E D .  By ( 5 ) ,  
B\(b}=Bfl (x:x <ge(.4, E ) } .  Elanifest ly  t h e  l a t t e r  s e t  i s  con- 
vex f o r  each 5 E and we conclude t h a t  D C %. S u p p s e  
now t h a t  b E g. Then B\(b) i s  convex and by (7) t h e r e  i s  
a 5 E E such t h a t  x <gb for  each x E B\(b). Hence b = 

e(B, 5 ) .  
5 E z. Therefore  b E D and i n  consequence B C D  which 
completes t h e  proof. 

PRELIMINARY LE1NAS. I n  t h i s  s e c t i o n  we w i l l  always assume 
t h a t  t h e  c l a s s  K s a t i s f i e s  cond i t ions  (i), (ii) and (iii). 
A coord ina te  system i n  E i s  f ixed .  

IJ3MP4A 1. Let (Ai}, 1 5  i 5 k b e  a decomposition o f  J i n t o  
k d i s j o i n t  measurable subsets .  Let (Ui) lSisk C K. Put 
u ( t ) = u l ( t )  if t E A i .  Then u E K. 

Proof. Since A i  can be approximated a r b i t r a r l y  c l o s e l y  by  
d i s j o i n t  unions of i n t e r v a l s ,  t h e r e f o r e  by (iii) u can be  
approximated by a sequence (ui) C K converging t o  u i n  
measure. 

LEMMA 2. The lexicographical  o rde r  on K i s  a l a t t i c e ;  t h a t  
is i f  uiE K for  i=l, . . . , k  t hen  so does v=lex.  SUD ( u t )  

- Proof. By ( I t ) ,  v ( t ) = u i ( t )  if t E A i [ t : u i ( t ) = l e x . ~ . a x ( ~ ( t ) } ,  

u j ( t )  < u i ( t )  i f  j < i). It i s  easy  t o  s e e  t h a t  t h e s e  A i  
s a t i s f y  t h e  assuniptions of Lerrma 1. 
i s h e s  t h e  proof.  

LEMNA 3.. Let u = (ul, ..., u ~ ) E K  for i = l , 2  ,... . Assume 
t h a t  u; a .e .  i n  J i f  j=l, ...; k-l,lSkZn and put  uo= 
1im.sup u1 
v j  = i f  j=l, ..., k. 

Proof. Take an & > 0. There e x i s t  io, s e t s  F,G C J, 
b m <  &, p(G) < & and an i n t e g e r  p such t h a t  

It i s  easy t o  see by  ( 5 )  t h a t  e(A, ()=e(BJ E )  for each - .. 

L__ 

Thus (i) completes t h e  proof.  

16i5;k. 

1SiSk 

Hence t h e  l a t t e r  f i n -  

i i i 

Then t h e r e  i s  a v = (vl, ..., vn)€K such t h a t  
-1 k' 

l u i ( t ) - u o ( t ) l  < &  i f  1SjSk-1, i 2 io and t E J \ F  ( 8 )  
3 3 

and 

min l$(t)-<(t)l < c i f  t E J\G. ( 9 )  
i S i S i  +p 
0 0 

i o + S  io+r 
Put As=(t : lu  ( t ) - u i ( t ) l  < & and 1% (t)-ui(t)[ 2 & 

for r < s) , s = 0,1, ,p0 C l e a r l y  t h e  A, a r e  rneasurzble 



- . - .  - 

. .  
. I .  . 

. 

. - 
. . . . . . .- 

. . MATHEMATICAL THEORY OF CONTkOL 

and d i s j o i n t  and, by  ( 9 ) ,  UZ=,As 3 J \ G .  

u (t), if t As, s = O , l , o . . j p  and v ( t >  = u ( t )  i f  
t E J \ U  aAs, winere By Lemna 1, v E i( and by  (8) 
and (9) we get 

Define v ( t )  = 
io+s * 

u E K. 

.. - 3  Iv . ( t ) -uo ( t ) [  J < C  if t E J \ ( F U G ) ,  1 5  j 5 k. (10) 
Ineq. (10) shows t h a t  a seqcence vL€K can be def ined such 
t h a t  
statement and (i) proves Lema 3 .  If k < n, then  it proves 
t h a t  [vi} s a t i s f i e s  a s s m p t i o n s  o f  L e m a  3 for k increased  
by 1. Hence t h e  proof can b e  completed by induct ion.  

COROLL4RY 1. Let S b e  a l i n e z r  subspace of E and denote  
by KS t h e  c l a s s  of func t ions  of J i n t o  S obtained by  
t h e  or thogonal  p ro jec t ion  o f  elements of  K i n t o  S. Then ' 

KS s a t i s f i e s  (i), (ii) and (iii). 

Proof. Conditions ( T i )  and (iii) obviously hold for Ks, 

COROLL4RY 2 -  There i s  an  i n t e g r a b l e  m: J -+R such t h a t  
I u ( t ) [  5 m( t)  a. e. i n  J f o r  each 

s a t i s f i e s  (i) ( i t )  and (iii) for each 

ai - SUPye~ i  
 vi> + a i  as j -+a. BY L e m a  2 without  a n i  l o s s  of gen- 
e r a l i t y  xe .nay assume t h a t  ( v j )  i s  non-decreasing. Thus 
ther;.e e x i s t s  l imjvj  = Qi and by (i) $i E K i .  Therefore  
I ( d )  5 I ( $ i )  5 Q and a.s a consequence I(Qi) = Q. Row for 
eny and. F r o p s i t i o n  2 i r q l i e s  t h a t  
u 5 dri for  each v E K i *  S i m i l a r l y  one cel l  prove t h i t  t h e r e  
i s  q i € K i  such t h a t  Qi I v f o r  each v E K. Since i i s  
a r b i t r a r y  ve ge t  Corol la ry  2 by p u t t i n g  E( t)  ="a( I $( t )  I , 

v$+ uo a. e,  i n  J f o r  j=l ,  . ,k. If k=n then  t h e  l a s t  J J  

while  cona i t ion  (i) follows from Ler-xa 3 .  . .  

u E K. 
Proof. By Corol la ry  1 K j c (  U i :  (~1, . . . , Ui, V, . . . , ~ 2 )  EK) - 

i=1, ..., n. By (ii) - I(v) < +m. Let (VI} C Ki be  such t h a t  

v E K i ,  I( s t i ~ ( v , $ i ) )  = Q 

Iq( t ) l ) ,  vhere C = ($1 ,..., S,) and Q = (p1, ..., 0,). . .  
.Now >:e w i l l  prove t h e  m i n  l e r r x .  

LEb2.A ti. Suppose (ui} C K and assL%e t h e t  I (u i )  -) p a s  
i -+a. Then t h w e  i s  v E f( such t h a t  

p I (v) .  ( 11) 
Proof. Suppose t h a t  ui converges i n  t h e  L1 norn f o r  
~=1,,  . . , k - 1  t o  uq bat does  not convsrgs i f  j = k .  Scch a 
k e x i s t s ,  s ine?  !! ~ a y  be equal  1. It f o l l o i ~ ~ s  t h a t  

7 

( 12) 
i 0 

3 I ( U j )  + I ( u . )  = pj i f  j = 1, ..., k-1 
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If k-1 = n then (12)  completes t h e  proof of  (11). I f  
k 5 n t h e n  f o r  j=k t h e r e  i s  an -50 > 0 such t h a t  for 
each io t h e r e  a r e  s 2: io and r 2 io with I( \  '-vr( )2&o. 
Without any loss of g e n e r a l i t y  we may assune tha:kul;k-x u? 

J 3 - a.e. . 'in J a s  i 4 53. Let us  choose io such t h a t  
. I I(uk)-pkl < E 0 / 4  if i 2 io, where i s  k- th  coord ina te  

of p. By t h e s e  i n e q u a l i t i e s  I( sup($ u ))-pk > &,/4. Put 
Then we see  k t h a t  vi i s  non-increasing, vi + u i  a s  1 -+a and by  t h e  

l a s t  i nequa l i ty .  I ( v i )  2 p i e O / 4  i f  Since by Cor- 
o l l a r y  2 t h e  v1 a r e  boun!fed by an i n t e g r a b l e  funct ion,  
Lebesgue theorem impl ies  t h a t  

pkr 
u i ( t )  = limiSup u l ( t )  and ui = supGi(uk!. ' "In 

i 2: io. 

I(vi) 4 I ( 2 )  2 pk 4- Eo/4 > 0 0 3  ) 

It follows from Lemma 3 t h a t  t h e r e  i s  

(13) imply (!I) wdich was to b e  proved. . 

v E ( V i , .  . . , vn )c  K 
- such t h a t  v .  = u? i f  j=l,. . ., k and for  t h i s  v (12) and 

PRINCIPAL RESULTS. Again we assune throughout t h i s  sec t ion .  
t h a t  K s a t i s f i e s  condi t ions  (i),(ii) and (iii). By e(K, E )  
w e  denote  t h e  maximal element o f  K with r e spec t  t o  " S ( " ,  
( E  E. By Lemna 2 i f  e(K, () e x i s t s  then  it i s  uniquely 
def ined up t o  a s e t  o f  measure zero.  
an extremal  element o f  K. The s e t  of extremal  elements of 
K w i l l  b e  denoted by E(K) ,  t hen  E(K) = (e(K,E):( E 3.  
THEORE14 1. For each 5 E z t h e r e  e x i s t s  an extrema1 e lenent  
e(K,() of K corresponding t o  ( and 

We w i l l  c a l l  e(K, () 

I 

( 14) 
- I(e(K,E)) = e ( m ) , E )  = e ( I (K) , ( )  f o r  each 6 E z,. 

I ( K )  Proof. By (ii) t h e  s e t  
I(K) of I ( K )  i s  a compact subset  of E". Let u s  f i x  
5 E and l e t  p = e ( v ) ,  E). By Lewna I! t h e r e  i s  v E K 
such t h a t  p SkI(v) .  But I ( v ) E I ( K )  impl ies  by  t h e  d e f i n i -  
t i o n  of p t h a t  I ( v )  5 p. Hence I ( v )  = p and p€I(K).  
L e t  now u E K be  a r b i t r e r y  and w = l e x  sup(u,v) . We have 

p o s i t i o n  2, v = w. Hence u Sgv for  each u E K. This  
means v = e(K,{) and (14)  i s  n a n i f e s t l y  s a t i s f i e d .  

i s  bounded; thus,  t h e  c l o s u r e  

5 
u "5": v Stw and p = I ( v )  S51(w) S 6  p. 5 Therefore  by Pro- 

THEOREX 2. .. The s e t  D = (x=I(e(K,E):(  E: 3 = I ( E ( K ) )  i s  t h e  
p r o f i l e  B of  t h e  convex h u l l  B of I(K). 
- Proof. By (lb), D = (x:x = e ( m ) , { ) , E  E Z:),and P r o p s i t i o n  



from such on a s e t  of measure zero) .  
t h e  nijiiber o f  d i s c o n t i n u i t i e s  o f  e(K,() i s  f i n i t e  and 
bounded f o r  5 E c, then  by Theorem 4 t h e r e  i s  a subset  
of K composed of piecewise continuous and piecewise ex t r e -  
m a l  func t ions  such t h a t  

Th i s  i s  t h e  case i f  A i n  (S)  i s  cons tan t  and f ( t , u )  = 
B(t)u,  where t h e  e n t r i e s  of B a r e  piecewise a n a l y t i c a l  and 
U i s  a compact polyhedron ( c f .  (1),(3)).  T h i s  i s  also t h e  
case  when G i s  a continuous se t rva l ced  func t ion  i n  t h e  
sense o f  Hausdorff with values  be ing  s t r i c t l y  convex and 
compact subse ts  of  E, s ince  i n  t h i s  ca se  e(G(t) ,  5 )  i s  
continuous i n  t for each 5~ E. Note t h a t  because of  
s t r i c t  convexity o f  G( t), e( G( t) ,  6) 
by t h e  f i r s t  vec tor  o f  

Theorem 5, under e s s e n t i a l l y  t h e  same assumptions has 
been obtained by Neustadt ( 4 ) .  
not make any convexity ass&?tion concerning 

ness  of  t ime opt imal  so lu t ions  o f  t h e  system (S) .  For de- 
t a i l s ,  tre r e f e r  t h e  reader  t o  ( 5 ) .  
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4 impl ies  Theorem 2. 

placed b y  [ O , t ] ,  0 < t 5 1 and I by  It. Thus i f  we de- 
note by B ( t )  t h e  convex h u l l  of ?m, then  by Theorem 2 
we have t h e  e q u a l i t y  E(,) = I t ( E ( K ) ) .  

THEOREM 3 .  The s e t  valued func t ion  on J t a k i n g  t + B ( t ) ,  
t h e  convex h u l l  of 
sense; t h a t  i s  

Notice t h a t  bo th  Theorems 1 and 2 hold i f  J i s  re- 

I t ( K ) ,  i s  continuous i n  t h e  Hausdorff 

max (r(a,R( s)), r ( b , B ( t ) ) )  +CI a s  I s-tl + O  (15) 
a E B ( t ) , b  E B ( s )  

where.  r( , ) 
in E. 

s tands  for t h e  d i s t a n c e  of a p i n t  from a s e t  

n Proof. Let B,C b e  two compact convex sGbsets of E . 
There a re  b E B and c E C such t h a t  Ib-cl = r(c,B) = 
maxxEC r (x ,B) .  Rote t h a t  i f  C were an i n t e r v a l ,  then  c 
can be  a s s m e d  t o  be  one o f  t h e  ends of C. T h i s  rerrsrk 
shows t h a t  i n  t h e  genera l  case  c can b e  assuned t o  b e  an 
extreme po in t  of C and t h a t  t h e r e  i s  a 5 E L - such t h a t  
c = e(C, t ) .  But obviously, r (c ,B)  5 I x-cl for each XEB. 
I n  p a r t i c u l a r ,  we have the  i n e q u a l t t y  
e(C,k)I for a 5 E z . Therefore  t h e  d i s t a n c e  i n  (18) can 
be  estimated by I e (B( t ) ,  E)-e(B( s), {)I I 131 e(K, { ) ( t ) l  d t  f o r  
t h e  same 5 EZ, and Corol la ry  2 c o r q l e t e s  t h e  proof. 
THEOREM 4 For each 'b E B, t h e  convex h u l l  of *i(), t h e r e  
a r e  two sequences and 
1 such t h a t  i f  we put  

I b-cl I I e( B, 5 ) -  
I 

- 
{I,. .., kk E 0 = to < tl <. . .< t k =  

u ( t )  = e(K, t i ) ( t )  for  ti-$t<ti, i=l,. . ., k , (16) 
then  k 5 n + l  and 

b = I(u).  ( 17) 
Proof. The proof w i l l  be by induct ion  - d t h  r e spec t  t o  
Thus s u p p s e  f i r s t  t h a t '  n= l .  I n  t h i s  czsc  G c o n s i s t s  of 
two elernents and by Theorm 1 so does That is, t h e r e  
e r e  9, $ E K such t h a t  Q S u 5 $ for each u E K. The 
s e t  B i s  t h e  i n t e r v a l  [1(9),1(9)]. Consider t h e  func t ion  

n. - 
E(K). 

t .  1 

0 t 
X ( t )  = J $ ( t ) a t  + J Q ( t ) d t  . ( 18) 

Manifest ly  X i s  continEous and nsps J onto  [ I (q ) , I ( f ) ]  
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Thus f o r  each b E B, t h e r e  i s  a tl€ J such t h a t  X(t l )=b.  
S e t t i n g  u ( t )  = $(t) if 0 S t < t l  and u ( t )  = v(t) i f  
tl 5 t 5 1 we see  t h a t  u 
holds. 

Sup,pse now t h a t  n i s  a r b i t r a r y  and assun?e t h a t  
Theorem k holds f o r  n-1. Let b E B End t a k e  an a r b i t r a r y  
5 E z. Consider t h e  func t ion  

i s  of t h e  form (16) and (17) 

- -  
1 

t 
x( t )  = b - I e(K,x)(T)dT ( 19) 

Since both  x ( t )  and B ( t )  a r e  contincous,  t h e r e  i s  a 
T E J  such t h a t  x(T) belongs t o  t h e  b o u d a r y  of B(T) and 
i f  T < 1 then  x ( t )  E i n f  B ( t )  f o r  T < t 5 1. Since 
B(T) i s  convex and coripact t h e r e  i s  an a E En, la1 = 1 
such t h e t  

Q = (x(T),a) = max (.,a) for x E B(T). ( 2 0 )  

Let = ( ( E  E: 5 = (x 1 ,..., xn) ,x l  = a ) .  put B, = 

B(T) n (x: ?$,a) = a) and A = I T ( K )  n (x: (.,a) = a). It 
is easy t o  see  t h a t  B, i s  compzct and convex, t h e  p r o f i l e  
Ba of Ba i s  equal  t o  (I( e(K, 0: ( E  EE] C A. Thus A i s  
not  empty and B, i s  equal  t o  t h e  convex h c l l  of A as  w e l l  
as o f  A. 

IT(U)EA, >:here 
uEK, i f  and on ly  i f  ( u ( t ) , a )  = 9 ( t )  a .e .  i n  [O,T], where 
Jr has  t h e  prop2r ty  t k e t  for  each U'E K ( u ( t ) , a )  I $(t) 
a . e .  i n  J. Therefore  . A cen be considered a s  I T ( K a )  
where K, = ( u W : ( u ( t ) , a )  = $(t) a.e.  i n  J) and 4 i s  
uniquely def ined by K and a. Since each uEK2 cr,n b e  
uniquely decorcposed l n t o  t h e  SUR v +  a?;, :*,-here v i s  a func- 
t i o n  of J i n t o  E 1  and E 1  i s  t h e  n-l d ixens ioza l  scb- 
space p e r p n d i c u l a r  t o  a, t h e  s e t  K, can be considered a s  
a c l a s s  of' func t ions  of J i n t o  n-1 dirensional Elml idem 
space. Obviously, Kz s a t i s f i e s  cond i t ions  (i), (ii) e.nd 
(iii) a?d by our assr$ion we can apply  Thcoren $ t o  K,. 
Hence t h e r e  i s  a u E Kz such t h a t  u( t)  = e(&, :l)=e(K, i i )( t)  

t k - l =  Tv and such t h a t  

- 

It f o l l o w s  fron Froposi t ion 3 that 

i f  t i - 1 - 5  t < ti, t i € Z a ,  i = 1 ,..., k-1, to = 0 < ti< ... < 

I+) = x(T) ( 21) 

S e t t i n g  u ( t )  = e(K,T)(t) i f  t k - 1  = T I t 5 1 = tt ( t h u s  

(19) and (21) impl ies  (17). Kani fe s t ly  k 5 n c l  s ince  

p u t t i n g  ~k = x) we see  t h a t  u i s  01" t h e  form (13) 3 end 



k-1 S n. 

CONCLUDING RESULTS. I n  t h i s  s e c t i o n  we s t a t e  t h r e e  irtimedi- 
a t e  consequences of t h e  preceding theorems. 

. - -  THEOREM 5 .  If  K s a t i s f i e s  ( T ) , ( i i )  and (iii) then  I ( K )  i s  
convex and compact. 

Proof. By (iii) any func t ion  o f  t h e  form (16) belongs t o  K; 
t hus  Theorem 5 fol lows from Theorems 2 and 4. 

an extreme po in t  o f  
ho lds  (compare Proposi t ion 1 and Theorem 2):  

- 
If u E K i s  an extremal element o f  I (or  I ( u )  i s  

I( K ) )  then  t h e  fol lowing impl ica t ion  

(22) if Y E K and I (v )  = I ( u )  t hen  v = u 

On t h e  o t h e r  hand one can s e e  from t h e  proof o f  Theorem 4 
t h a t  if b E I ( K )  i s  not an extreme p i n t  o f  I ( K )  then  . 
t h e r e  a r e  a t  l e a s t  two d i f f e r e n t  u,v E K such t h a t  I ( u ) =  
I ( v )  = b. Therefore  we have 

THEOREM 6 .  If K s a t i s f i e s  (i),(ii) and (iii) and u E K 
then  u i s  an extremal element of  K i f  and on ly  i f  t h e  
impl ica t ion  (22) holds  f o r  u. 

wi th  respec t  t o  proper ty  (iii). Elements o f  KO may be 
r e fe r r ed  t o  a s  piecewise extremal  elements of 

Let K, denote the  c l a s s  we obtained by c l o s i n g  E(K) 
. .  

K. 

TIIXOREM 7. If K 1  C K s a t i s f i e s  (iii) and I ( K 1 )  = I ( K ) ,  
then  KO C K1 

Proof. By Theorem 6, K must conta in  E(K). The d e f i n i t i o n  L of and K1 s a t i s f i n g  (iii) imply K 1  3 KO. 
Theorem 7 says t h a t  i s  t h e  smal les t  subc lass  o f  K 

s a t i s f y i n g  (iii) and having t h e  same range o f  i n t e g r a l s  as K. 
Let u s  observe t h a t  if K = [uEM:u(t)EG(t) a.e.  i n  J) 

and G i s  a measurable set-valued func t ion  with va lues  be- 
i n g  compact subse ts  o f  E then  
So i n  t h a t  case t h e  extremal elements of 
i f  one knows G. 

HaLkin (1) and Levinson (3) proved t h a t  t h e  "bang-b.ng" con- 
t r o l s  (eyer-ents o f  
piecewise constant  or piecexise  continuous. From Theorem 7 
it follovrs t h a t  t h i s  can be t h e  case i f  and o n l y  i f  eech 
e x t r e n a l  element of K i s  piecewise continuous ( o r  d i f f e r s  

- 

e( K, () (t)  =e( G( t),  () ( c f .  ( 6 ) )  
K can be  compatFd 

Under some more r e s t r i c t i v e  a s s u q t i o n s  LeSal le  (2), - 
KO in'our case)  can b e  chosen t o  be 

.. 


